The social cost of carbon (SCC) is the monetized damage from emitting one unit of CO2 to the atmosphere. For the SCC, large--scale computational Integrated Assessment Models (IAMs) consolidate interdisciplinary climate--research inputs to obtain a carbon price estimate relevant for policy--making. However, an open challenge is that the IAMs tend to remain inaccessible "black--box" tools for researchers and policy--makers in general. Here we develop a simple closed--form formula that captures the key physical and economic determinants of the SCC in IAMs, explaining prodigious 99 percent of the within--model variation originating from parameter uncertainties for a mainstream IAM. In an inter--model comparison, the structural variation captured by the formula matches closely a SCC distribution of estimates. Given this precision, the formula becomes a useful policy tool, allowing transparent experiments, consistent with the IAM approach. For illustration, we assess the risk premium in the SCC when some choices are only "best--guesses": the premium has little to do with scientific uncertainties in the carbon cycle and temperature delays but damages and the determinants of discounting have a large contribution. We find that the size of the current economy is the most important single SCC determinant; the future technology options and policies are practically inconsequential for the present--day SCC. 2
Introduction
The Social Cost of Carbon (SCC) monetizes the damage from releasing a ton of CO2 to the atmosphere today. This monetization of damages is essential for the determination of optimal climate policies, as policies that price carbon according to the SCC will provide the correct economic incentive for reducing current emissions. The SCC can be obtained by using computational Integrated Assessment Models (IAMs) that connect the global carbon cycle and temperature dynamics to a global economy description to assess the marginal welfare costs of emissions. There are several widely used IAMs. 1 While the IAMs overarch the contributions from various disciplines in climate--change research they are not easily accessible to policymakers and researchers in general. 2 There are various systematic assessments of assumptions in IAMs and their effects on outcomes (Weyant, de la Chesnaye & Blanford, 2006; Hope, 2008; Nordhaus, 2008; Anthoff & Tol, 2013) . These assessments show that higher climate sensitivity, higher estimates of damages for given temperature change and lower discount rates generally lead to higher estimates for the SCC. These studies also show that fundamental uncertainty on the parameters translates into an uncertain SCC. They do however, not solve a fundamental problem: to the wider audience, the IAMs remain a black box and the resulting SCC is a number accepted or rejected on the basis of trust or distrust in the models and their developers (Kelly & Kolstad, 1999) .
In this paper, we present a closed--form formula for the relationship between the fundamental climate--economy assumptions. The formula builds on Nordhaus (1991) and Gerlagh and Liski (2012) . Compared to the former, the formula presented here adds multiple response functions for the carbon cycle and temperature adjustment process, to make possible a well--structured comparison with recent IAMs; we also provide an approximation outside the steady state. Compared to Gerlagh and Liski (2012) , who formally prove the formula in a climate--economy model, we extend their work by including further climate--economy details and also by extensively testing the formula's performance in a comparison with IAM results.
The formula here seeks to bring knowledge that has been accumulated in the climate research to the domain of analytical economics and also democratize it: any reader can perform his or her own informed assessment about the SCC. 3 1 Most notable IAMs include DICE (Nordhaus W. D., 1992; , CETA (Peck & Teisberg, 1992) , PAGE (Hope, Anderson, & Wenman, 1993) , MERGE (Manne & Richels, 2005) , FUND (Tol, 2005) , Webster et al. (2003) , R&DICE (Nordhaus & Boyer, 2000) . 2 The proof of the pudding is in the eating. Here we consider accessibility as revealed through use by others. Most policy makers (need to) rely on supporting researchers who can run IAMs for policy assessments. Some IAMs are considered relatively simple, but only DICE (Nordhaus W. D., 1992) is sufficiently simple and comprehensive enough to have attracted a large group of users in the research community. R&DICE and FUND have publicly available descriptions and full source codes. R&DICE is used by a few researchers, but, to our knowledge, Ackerman & Munitz (2012) are the only researchers who used FUND, other than the developers. Learning to work with a model developed by someone else typically requires a very long learning time. Ackerman & Munitz (2012) reported on the results of their difficult process of running someone else's model; they required help by the developers. 3 The reader can fill in the parameters and see the results immediately through an Excel file available through https://www.dropbox.com/s/mjtodx670mnf8bv/SCC%20tool%20v2.xlsx?dl=0.
SCC (e.g. Newbold et al. 2013, Fig. 4) . Also, it is typically ignored that income growth and population growth have an effect that is very similar to the choice of pure time preference. Our formula shows how these parameters interact and shape the climate discount rate.
The equation we develop offers a clear, intuitive understanding of the core relationships that determine the SCC. As a case in point, consider the Economic Report of the President 2013, stating that carbon prices "rise over time because the marginal damages increase as atmospheric CO2 concentrations rise" (CEA, 2013, p.191) . Here, the formula could have been useful as a guideline, as it demonstrates, and tests with a benchmark model confirm, 6 that carbon prices mainly rise over time because income rises, as the size of the economy determines what is at stake. A further analysis of the expected development over time of the SCC, under uncertain damages, is given in Gerlagh and Liski (2014) .
The formula enables us to construct a distribution for the SCC from the primitive climate--economy uncertainties, providing a structural interpretation for the distribution obtained through surveys (Tol, 2009 ). This allows us to assess the most important sources of SCC uncertainty and to disentangle positive uncertainty from subjective disagreements. To illustrate the use of the formula to assess sources of variation, we consider the SCC's sensitivity to the discount rate in closed form.
Underlying assumptions
The derivation of the formula for the SCC rests on various assumptions. We do not consider each assumption equally plausible, but most of the assumptions made are common in the climate--economics literature. Understanding their relation to the SCC is essential for an informed assessment of the SCC estimates, both for existing integrated assessment models and for our formula. We consider our analysis as positive in nature: we describe assumptions and their consequences, facilitating the reader's judgment as discussed in Ackerman et al. (2009) .
First, the majority of IAMs assesses climate change in the context of economic growth, and assumes implicitly or explicitly that both costs and benefits of emissions reductions are minute compared to the economic benefits of technological progress over the relevant time scale (Azar & Schneider, 2002; Gerlagh & Papyrakis, 2003) . The above premise implies that climate changeand the costs associated to (preventing) it -is a detail in the context of economic growth through innovation. Though economists typically favor general equilibrium analyses, under the common assumptions of sustained growth and relatively mild climate change costs, we can follow a partial equilibrium analysis for the SCC. 7 We will then, ex post, test through a comparison with a full--fledged general equilibrium IAM (DICE) whether the equations derived in a partial model also hold in the general equilibrium context.
The second assumption underlying the formula is that we can work with straight expectations: we can incorporate uncertainty known for all parameters, 6 DICE is one of the three models used to prepare the president's report (CEA, 2013) . 7 Gerlagh and Liski (2012) and formally show the conditions under which the formula is valid in a general equilibrium framework; Gerlagh and Liski (2012) extend the general--equilibrium formula to the case of non--smooth damages with learning.
consider risk aversion through the elasticity of marginal utility, and study how these interact in the SCC. Yet, we do not consider deviations from the expected utility paradigm; see Heal and Millner (2014) . Furthermore, we assume that the marginal value of one unit of consumption in the base year is equal in all possible states. That is, we assume that the present currency can be used to compare and aggregate the values for possible outcomes. 8 The third assumption is that the physical climate change processes are, in expectations, continuous, and can meaningfully be expressed in terms of impulse--response functions that connect CO2 emissions to atmospheric concentrations, and concentrations to temperature rise. The important restriction is that there are no known thresholds or tipping points where the dynamics of the carbon cycle or temperature adjustment change dramatically; see Lemoine and Traeger (2014) for analysis of tipping points. The analysis we perform here does not require the absence of tipping points per se. All variables are interpreted in expected terms. For illustration, assume that the equilibrium temperatures jump at some atmospheric CO2 concentration level M, but we only have a smooth distribution function for the threshold M, that is, we do not know the precise level of M. The implication is that expected equilibrium temperature will still be a smooth function of the CO2 concentration (Gerlagh and Liski 2014) . The assumption rules out the existence of objective climate targets such as for the atmospheric CO2 level.
The fourth assumption is that climate change is slow and persistent phenomenon (due to, for example, the great thermal inertia of the oceans). This means that present--day emissions do not change much the climate outlook for the next decades. The expected trajectory for the global surface temperature shows a slow but persistent rise for the coming decades. The level of temperature rise is an important factor determining the cost of additional temperature increases, and thereby the SCC. Due to slow and persistent climate change, emissions in the coming decade will not sufficiently change the climate in the next ten years to make the evaluation of the marginal analysis depend on it. That is, the marginal effect of current emissions on future climate change and future damages can, in expectations, be assessed independently of the emission path for the coming years. For a discount rate of, say, 2 per cent, the assessment of marginal damages for the coming fifty years is most important. This implies that there will not be a large difference between the SCC in an optimal emissions scenario and an exogenous policy scenario, unless very low discount rates are used. The assumption and the resulting independence of future emissions are indeed supported by several of the above--mentioned studies, unless the damage function becomes extremely convex.
A fifth assumption is that the costs of climate change can be presented as a smooth function of income, population, and temperature rise. For the formula we derive here, we assume that climate--change damages are proportional to the population and income, and quadratic in temperature rise relative to the pre--industrial level. The assumption of quadratic costs is debatable (e.g. Kopp & Mignone, 2013) ; it simplifies the formula but is not essential to the method. We have experimented with other damage functions and find that the formula can be adjusted and remains robust, but for convenience only the quadratic damages case is presented here. From our experiments, we note that uncertainty with regard to the shape of the damage function has an effect on the level of the carbon price, but that its effect is small relative to uncertainty related to the climate sensitivity, level of damages, and discount rate.
The last assumption is that we take the key parameters as exogenous. While demography, innovation and income growth may respond to environmental conditions, we neglect such feedback mechanisms and assume an exogenous path. For emissions we do not assume an exogenous path. Rather, as explained above, we assume that the climate system is sufficiently slow and persistent to make changes in the future emissions practically irrelevant for the evaluation of the marginal effects of current emissions.
Derivation of the formula
In this section, for convenience, we derive the SCC formula for continuous time. A discrete time formula is derived in Gerlagh & Liski (2012) . The general definition for the SCC, at time t=0, is given by 
. The important insight we exploit for our approach is that different parts within this equation are negatively correlated. Most importantly, when the atmospheric carbon dioxide concentration is high, the marginal temperature sensitivity, dT/dS, is low. However, as the absolute temperature is high, marginal damages, dD/dT, are high too. The variation in dD/dS is thus less than the variation of its parts. Also, in scenarios with high economic growth, marginal damages as lost output, dD/dT are often high. Yet, under these circumstances, consumption growth is high, and the marginal utility of consumption is rapidly declining. This translates into a low discount factor R. If we then want to predict the outcome for the SCC, it is practical to search for the approximate determinants of the joint factors dD/dS and d(RD)/dT, rather than to work out the elements of the identity separately. The simple SCC formula is not derived by separately checking each element of the SCC--identity above, but by investigating the characteristics of the combined elements, suggesting some shortcuts that enable us to collapse the double integral into a single formula without integrals. The shortcuts may seem heroic at the time we take them, and therefore we test the resulting formula we derive, by comparing it to the actual outcomes of an integrated assessment model that employs the above identity.
We start the analysis with the atmospheric carbon dioxide dynamics (dS/dE) in equations (3)--(5). We then present the equilibrium temperature dependence on atmospheric carbon dioxide (dT/dS) in (6), the dependence of damages on temperatures (dD/dT) in (7) and from these derive a reduced--form dynamics description of damages, dD/dS, as dependent on atmospheric carbon dioxide in equations (8)--(10). Combining the atmospheric CO2 dynamics and the damage dynamics, we derive the marginal damage dynamics as dependent on emissions (11)--(12). We then cumulate discounted marginal damages to derive the SCC (13)--(14). The next section spells out the rules for "climate discounting", capturing the interaction between growth rates and discount rates.
The atmospheric CO2 depreciation is approximated through a set of impulse response functions with exponential decay, where each function is labeled by ∈ = 1, … , , and ai is the share of emissions with decay rate ηi, as in Maier--Reimer and Hasselmann (1987) and Hooss et. al. (2001) :
where S(t) is the level of atmospheric CO2 that is above the preindustrial benchmark level. Solving the differential equations gives the dependence of the future perturbation of the atmospheric carbon stock on current emissions: Figure 1 below presents 16 carbon--cycle models as proxied by Joos et. al. (2013) through an ensemble of exponential decay functions. All models show a rapid decay in the first decade, and most models suggest that a substantial fraction of CO2 remains in the atmosphere after 1000 years. The earth system models suggest that the fraction remaining in the atmosphere increases with cumulative emissions. Such can increase the SCC, an effect that we, as most IAMS, do not account for. Joos et al. (2013) The added atmospheric CO2 increases the equilibrium global mean temperature specified through = ( ), and subsequently damages, =
. For the sake of exposition, we first consider the case where temperatures immediately adjust to atmospheric carbon dioxide stocks, and later add slow temperature change to the analysis.
For constant atmospheric CO2, equilibrium damages as a function of the atmospheric CO2 is then given by = ( ) . Damages are relative to output Y, such that DY equals gross damages.
For DICE and in most IAMs, the equilibrium temperature function is
where m is the pre--industrial stock of atmospheric CO2, and c the climate sensitivity. Damages are characterized through
where ω is the damage sensitivity of the economy, though higher--order coefficients are also sometimes employed. The quadratic damages function is natural given the assumption that society has adapted to the present state of the climate, and that deviations have a second--order effect. Uncertainty in the relationship between damages and the atmospheric CO2 is described through a distribution for parameters c and ω. The concave temperature function, φ(.), in combination with convex damages, ψ(.), can be proxied linearly through = ω with
where θ, for which we also write θ(c), is the economically relevant measure for climate sensitivity c, i.e. the temperature increase associated with a doubling of the pre--industrial atmospheric carbon stock. As damages are often assumed to increase more than proportionally with temperature deviations, ( ) measures the temperature increase [Kelvin] squared per unit of CO2 added to the atmosphere [K 2 /TtCO2], and on the domain of concentrations between 350 and 700 ppmv its value is approximately equal to (9) ≈ 1.3 / , where m is the pre--industrial atmospheric carbon stock. The parameter ω transforms temperature change into damages relative to income; its unit is [K -2 ] . The key property is the persistence of the climate system, so that the level of ω = ′ ′ is not very sensitive to the policies in the next decades. It is not required that ′ ′ is constant for centuries to come, but only that it is approximately constant for the period that -after discounting -has a non--negligible weight in the assessment.
The above relations hold in a climate steady state. The carbon cycle slowly adjusts through the dynamics for S(t) as above. Temperatures also adjust slowly to changes in concentrations. This translates into a slow adjustment of T 2 and hence damages; they converge at speed to their equilibrium level, and off--steady--state develop according to
Through linear algebra, we find that the level of relative damages depends on past emissions through
This formula combines the steady state damage function, through constants ω and θ, and the adjustment functions, through the carbon cycle and temperature adjustment parameters ai, ηi, ε. In analogy to the atmospheric carbon depreciation that is represented through a multi--response function, temperature change can be represented through a multi--temperature response function (Caldeira & Myhrvold, 2013) . The more general emission--damage response function then becomes:
The summation part of this formula is portrayed in Figure  2 below. It shows the time profile of damages due to an emission impulse, relative to the counter--factual that would materialize if the atmospheric CO2 did not depreciate and temperature would immediately fully adjust to their equilibrium level. The typical temperature response is hump--shaped, with the peak impact after some years or decades followed by a very slow fall in impact. Directly after the emissions impulse, temperatures, and damages, rise quickly, but then, as atmospheric CO2 decays, the temperature response falls back.
Figure 2:
The life-paths of damage responses following from one unit of emissions. The paths are presented relative to the counterfactual response that assumes that (i) the emitted CO 2 remains in the atmosphere forever and (ii) the emitted CO 2 has immediate full temperature effects. Responses include 16 different carbon cycle models (Joos at el. 2013 ) and 20 temperature adjustment models (Caldeira & Myhrvold, 2013) . Finally, consider discounting of future damages at rate σ (see section 3 for further details). We multiply relative damages, D(t), with Y(t), the Gross World Product (GWP) at time t in nominal terms (e.g. dollars or euros). This gives the net present value of future damages associated with the emission of one unit of CO2 at time t. In this formula, a permanent increase of the atmospheric CO2 by one unit (without depreciation) and with full and immediate temperature adjustment, leads to an annual economic loss of 1.3ω ( )/ . The most intricate part of the formula are the last terms, W(σ,a,η)X(σ,ε). The carbon life--time aggregator W(.) depends on the discount rate applied to future losses, described through σ, and the climate system parameters, described through vectors a, η. Rapid carbon depreciation, through high ηi, and a high discount rate, σ, reduce the 'economic' lifetime of CO2. To see the point of these terms, consider the special case with homogeneous atmospheric CO2 that depreciates at constant rate η, and homogeneous temperature adjustment speed ε. The formulas (15) The temperature adjustment factor X(.) depends on the discount rate, σ, and the adjustment speed of (squared) temperature, ε. Slower adjustment implies that the impact of increases in atmospheric CO2 is more distant, which, like a high discount rate, reduces X(.). For a typical 2 to 4 percent annual temperature adjustment speed, and an annual 2 per cent climate discount rate, the discount factor lies between .02/(.02+.02)=0.5 and .04/(.02+.04)=0.67. Another way to interpret the discount factor X(.), uses the image of a temperature lag. Note that, if temperature change is lagged by N years after the corresponding change in the atmospheric CO2 stock (replacing the formulation with the speed of temperature adjustment ε), and the discount rate is σ, such delay results in a discount factor for the net present value of damages by ( , ) = . If we substitute N=25 years, and consider a discount rates of 2% per year, we find that X=e -0.5 =0.61, within the range 0.5--0.67 stated above. A simplified interpretation of the 2 to 4 percent temperature adjustment speed is thus that temperature change lags about 25 years behind atmospheric carbon dioxide concentrations.
Jointly, the aggregator W(.) and X(.) weigh the delay and persistence of climate change; they cumulate the damage response in Figure  2 over time, with weights decreasing exponentially at rate σ. Through W(.)X(.), the SCC formula captures the connection between emissions and damages in IAMs, explaining the formula's strong prediction power of the IAM outputs considered next.
The climate change discount rate
The discount rate, σ, transforms future impacts to their present value. It measures the weight of future damages relative to current damages for the same levels of climate change. For discounting future damages, we use the real interest rate, r, to express the value of future consumption goods in terms of present consumption goods. The size of damages increases with the size of the output, 9 which is proportional to productivity, growing at rate g, and population, with growth rate l. Thus, when the real interest rate is, say, 5 per cent per year, and the per capita income growth rate is 2 per cent per year, with population growth of 1 per cent per year, then for a constant global mean temperature, damages tend to increase by 3 (2+1) per cent per year. Their value in terms of present consumption however decreases by 5-2-1=2 per cent per year. That is, the income and population growth rates are subtracted from the real interest rate. (17) = − − , Economic models often add to these considerations the principle that we discount future damages partly purely for their later arrival on the time--line, described through a pure rate of time preference, ρ, but also that the marginal value of future damages decreases with economic growth, as measured by the productivity growth rate g multiplied with the elasticity of marginal utility α. The Ramsey equation gives (18) = + , Taking the above two equations together, the climate discount rate, σ, can be expressed in terms of parameters that are typical in economic growth models:
= + − 1 − . The equation reveals an important new insight. When IAMs report on the discount rate used, it is insufficient to report the pure rate of time preference or the return on capital. Even though future changes in consumption are measured using the real interest rate, economic growth and population growth are important determinants for the size of the damages; this is captured through their position in the measure of the effective discount rate. As income and population growth are typically positive, the effective climate discount rate is below the return on capital. The effective discount rate can even fall short of the pure rate of time preference. This depends on population growth and the interaction between economic growth and the elasticity of marginal utility. The formula helps to understand more precisely the role of population growth, income growth, and the elasticity of marginal utility, all of which have been reported in the literature as drivers of the SCC (Newbold et al., 2013) . The equation suggests that the climate discount rate need not be constant. Most scenarios assume that population and income growth decline over time, with an ambiguous effect on the climate discount rate. The equation also indicates conditions for when the climate change discount rate becomes zero, or negative. Both issues are discussed briefly in Section 6.2 below Figure 3 presents the carbon life--time aggregator, W(.), as a function of the discount rate. We see that for a discount rate of 3% per year, the economic life--time is approximately 20 years. For a discount rate of 1%, the economic--life time increases to 50 years. The economic life time of atmospheric CO2 adds theeconomic discounting to the physics depreciation. The lower the discount rate, the closer the economic life--time approaches the physical life--time of CO2. The ensemble of 16 CO2 response models from Joos at el. (2013) feature an average annual CO2 depreciation rate between 1 and 2 per cent -see the discussion below (16) -where the low depreciation rates are more important for low climate discount rates. Fig. 4 presents the discount factor X(.) associated with the slow temperature adjustment. For a discount rate of 3% per year, the discount factor is between .45 and .58. For a discount rate of 1% per year, the discount factor is between .68 and .8. The numbers show that the ensemble of temperature adjustment models from Caldeira & Myhrvold (2013) have an average annual adjustment speed between 2 and 4 per cent -see the discussion below (16).
Combining the two factors W and X, we see that a drop in the discount rate from 3%/yr to 1%/yr increases the factor WX from about 10 to about 40: a 2%/yr decrease in the discount rate increases the net present value of future damages by about 4. 
Testing the formula
We want to test if the formula predicts the SCC of IAMs. The formula only requires a few parameters, yet unfortunately, most databases with results from IAMs do not provide these. The discount rate is a case in point. It is common in the literature to present either the pure rate of time preference, or the consumption discount rate, or both, but our formula shows that we need the pure rate of time preference, income growth, population growth, and the elasticity of marginal utility. And further, we need to interact these parameters with the carbon cycle and temperature adjustment parameters. In a similar vein, IAMs with multiple regions and sectors present damage parameters on a disaggregated level, but typically do not report how damages on the aggregate level respond to temperature change. The US--EPA has a database for 150,000 runs with DICE, PAGE and FUND, but for all parameters needed, this database only contains the consumption discount rate, 10 and, indirectly, one can obtain the population and income paths. We have not found a database that contains the relevant parameters for a large series of model runs.
Because of the limited availability of data supporting model estimates of the SCC, we resort to testing the formula by our own calculations, using DICE (Nordhaus W. D., 2008) , the single--most used IAM in all research papers. 11 We use the publicly available source code; the code for Monte Carlo simulations is in the supporting information. The carbon cycle in DICE has linear diffusion between carbon reservoirs and for our analysis is transformed through linear algebra to a representation with multi--exponential decay functions, in a similar vein as in Maier--Reimer and Hasselman (1987) and Gerlagh and Liski (2012) . 12 We fix the carbon cycle parameters a=(0.029, 0.356, 0.615) and =(0, 0.0035, 0.0364) to match the DICE carbon cycle, but assume distributions for 12 key climate and economic parameters in DICE. These parameters describe the climate sensitivity, damage severity, the structure of time preferences, population growth, income growth, baseline emissions, and abatement costs. A list is given in Table 3 in the Appendix. We then draw 1,000 realizations for the DICE parameter vector, leading to 1,000 optimal climate policy paths with associated SCC outputs produced by DICE. Each vector draw defines also the parameters that enter our formula (ω, , ,σ). We can then use the formula to predict the DICE SCC for each draw.
The SCC realizations are presented in Figure 5 . Each dot takes the SCC estimate from our formula SCC and compares it to the estimate from DICE. The comparison requires that we convert all DICE parameters into those that enter the formula. Income growth in DICE is not constant; we use the average labor productivity growth for the first 40 years. DICE features a decreasing population growth, meaning that the climate discount rate decreases over time (19) . We use a weighted sum of two formulas, one with the short--term the other with the long--term climate discount rate, as discussed in Section 6.2 on non--constant discounting. DICE describes an autonomous decarbonization of the economy and the availability of abatement technologies and their costs; these parameters do not enter our formula.
The SCC estimates are clustered tightly along the 45--degree line; regressing the log of the DICE SCC on the log of our formula SCC shows that the formula explains more than 99 percent of the variation ( >.99), both with or without an intercept. 13 The SCC formula, a reduced--form approximation of the full model, employing only a subset of the parameters in DICE, can thus predict the DICE SCC with a remarkable precision. The surprising feature is not the positive correlation. The dependency of the SCC on the parameters that are expressed in the formula is well understood. But it is very remarkable that the formula explains 99%, meaning that the non--linear relationships between CO2 concentrations, temperatures, and damages, the general equilibrium feedback mechanisms, and the many other features of the DICE model that are not captured by the formula, add only 1% to the variation, while these features are often believed to be an essential part of integrated economic assessments.
Importantly, all runs are based on optimal policy scenarios, implying that abatement options and their development over time, and the details on the benchmark economic growth and emissions paths, all which vary across the scenarios, enter the SCC as calculated by DICE. Yet the chart shows that optimal climate policy, when implemented as a carbon price, is driven by climate system primitives, climate damage estimates, and rules for discounting future damages.
12
All material is available through https://www.dropbox.com/s/b3gdhwhmhmxirms/BGKL%20SCC%20v10.zip?dl=0. 13 Without taking logs, the R 2 becomes 0.94, with or without intercept. A reason for the lower R2 is that higher SCC values become dominant, and these are characterized by low discount rates where other mechanisms start to play a role, see the discussion below in Section 6.2. Taking the logs gives equal weights to the precision of the formula for low and high discount rates.
The more detailed treatment of abatement options and their development over time, as well as the details on carbon dioxide concentrations and temperature, all which enter DICE, do not enter the formula; for the SCC, the availability of cheap abatement options is of lesser importance relative to the climate change and costs fundamentals. The rationale behind this is that abatement options can only affect the SCC through their effect on future CO2 concentrations levels, where cheaper options would induce policymaker to reduce (growth of) these levels. On the relevant domain however the interaction of the convex damages and concave temperature adjustment approximately cancel and as a consequence, CO2 concentrations do not enter the formula (see equation (9)). 14 We have further tested the dependency of the DICE SCC on future deviations from optimal policies, and, as expected, find a very small effect, which is negligible compared to the variation caused by the parameters captured in the formula. The DICE and formula SCC in a scatter plot. Each dot corresponds to one parameter vector realization with the horizontal and vertical co-ordinates presenting the DICE and our formula SCC values for the year 2015, in 2010 Euros. Parameter distributions are log-normal, truncated at 2 standard deviations from the median (see Appendix). Observations corresponding to the 10 percent lowest discount rates (in red) represent the majority of deviations. Note that some systematic gap is possibly related to the period length of DICE (Nordhaus, 2008) .
Applications and discussion
The formula offers various possibilities for applications. We consider two here: (i) an assessment of the effect of uncertainty of structural parameters on the SCC distribution, and replication of a distribution of previous SCC estimates, and (ii) an assessment of the sensitivity of the SCC with respect to the discount rate. Additionally, we briefly discuss issues of regional aggregation. But before we go into these issues, we will apply the formula in its most simple form. Let us put 14 This rationale relates to the fourth and fifth assumptions in section 2. As mentioned there, we solved the equation for quadratic damages, but the result is robust unless damage functions become extremely convex. some middle--of--the road parameter values into the formula, see Table  4 for our parameter choices.
(20) = ω . We assume a climate sensitivity of 3 Kelvin, and natural stock of atmospheric carbon dioxide of about 2.1 TtCO2, and 2.7% GDP damages at 3 Kelvin, that is, 0.3% per K -2 . We take Gross World Product in 2015 to be 65 tn €/yr. From the calculations at the end of Section 4, we recall that a 2 per cent annual climate discount rate, a one per cent annual CO2 depreciation and a 2 per cent annual temperature adjustment speed results in X=1/(.01+.02)=33 years and W=.02/(.02+.02)=0.5. Under these parameter values, the estimated SCC is 18 €/tCO2, close to the median that we report below, and consistent with results from Integrated Assessment Models that use so--called best--guess estimates.
Uncertainty
The closed--form solution of the SCC allows us to construct a distribution for the SCC from the primitive uncertainties: the carbon cycle (Solomon et. al., 2007) , climate sensitivity (Dietz & Asheim, 2012) , damages and the economy (Gerlagh & Liski, 2012; Weitzman, 2001; UN, 2011 , World Bank, 2012 OECD, 2012) . Then, Figure 6 depicts the density distribution of the SCC, obtained from the SCC formula. (Tol, 2009) . SCC values in Tol were divided by 3.67 to convert 1995$/tC into 2010€/tCO2, and then increased by 3% for each year between publication and 2015 to correct for the trend. Further information on the parameters' distributions is provided in the Appendix.
The resulting distribution is strongly right--skewed with a median SCC of 17 €/tCO2, mean 37 €/tCO2, and more than 5 percent probability for a SCC higher than 100 €/tCO2. A distribution from IAM outputs of 232 distinct studies results in a very similar distribution when the numbers are converted to comparable units (Tol, 2009 ). However, survey--based distributions have no hope of addressing the source of the spread; they blur the structural and subjective parameter uncertainties. Also, they cannot address the tail of the distribution as these are defined by too few observations. Our SCC formula produces a thick--tailed distribution as the low probability extreme values for climate sensitivity, damage and discounting reinforce each other. Moreover, the formula allows evaluating the contribution of each primitive type of uncertainty to the SCC.
A useful measure for the economic importance of the risk induced by uncertainty is the gap between the expected or mean value E[.] and the median value M [.] , where the latter can be interpreted as the 'best guess'. We define the risk premium for a variable X through this (relative) gap, and notice that for a log--normally distributed variable, the Risk Premium (RP) is given by
is the standard deviation of the underlying normal variable. The value of RP [.] is the increase in the expected value, relative to the best guess, that can be attributed to uncertainty. The risk premium for the SCC tells us how much we underestimate the costs of climate change when building policy on a single 'best guess' estimate.
It follows from the definition of the risk premium and its formula for a lognormal distribution that, if the factors composing the SCC are lognormal distributed, then the SCC is lognormal distributed, and the risk premium for the SCC can be decomposed into the risk premiums of its parts: (22) = • and ,~ ⇒ (23) 1 + = 1 + 1 + The numbers in Table  1 [W;a,η] , and RP [WX;σ] denote the risk premiums of W, X, and WX, associated with the carbon cycle parameters, temperature adjustment parameters, and climate discount rate, respectively. The joint interaction of all uncertainties leads to a distribution where the mean is twice as large as the median. The result is consistent with previous studies on the sensitivity (Hope, 2008; Nordhaus W. D., 2008; Newbold et al., 2013) , but importantly, the formula directly shows how the uncertainty for these parameters add to each other when shaping the uncertainty of the SCC. A one per cent increase in the risk premium for the damage parameter translates into approximately a one percent increase in the risk premium for the SCC. Similarly a one percent increase in the risk premium for the climate sensitivity translates into approximately a 2 percent increase in the risk premium for the SCC. The effect of discounting on uncertainty is discussed in more detail below. Tables 4-6 ).
The decomposition of the sources of variation in the SCC disentangles positive uncertainty from subjective disagreements. There are many scientific unknowns in the carbon cycle, climate sensitivity and temperature adjustment process. For the loss of economic output, there is uncertainty, e.g. with respect to the CO2 fertilization effect and increased yields in temperate climates. But there is also a subjective component. If eco--systems such as the Amazon rain forests can collapse, the willingness to pay to prevent such an outcome is at least partly a subjective decision. The weight given to people living in poorer and warmer countries that may suffer more from climate change also requires a subjective choice. We do not explicitly describe such choices, but leave them implicit in the formula as the user can choose parameters based on positive estimates or normative considerations, alike. For the rate of discount, there is positive uncertainty as to the future return to investments, but there is also a discussion possible on ethical considerations about the weights given to future generations. The formula allows the user to use distributions for scientific uncertainty for those parameters where these are available, and combine these with ease with parameters for damages and the discount rate that are grounded in a personal, subjective assessment.
Discounting
Progress in climate sciences will improve the precision of estimates for climate sensitivity and damages over time, but very slowly (Roe & Baker, 2007) . Also, the discount parameter is likely to remain partially subjective and uncertain; the views among experts and policy makers on how to weigh the far--future impacts will likely continue to differ. To provide a rule of thumb for the sensitivity of the SCC to the discount rate, that is, the relative increase in the SCC when the discount rate decreases by one percentage point, consider only a single atmospheric CO2 box in the SCC formula with η=0.01 and a common damage adjustment speed of ε=0.02. At mean discount rate σ, a discount rate change dσ implies a relative SCC change that can be expressed as
= exp + , where Z(.)=W(.)X(.). With a central discount rate σ=0.02/yr, when the discount rate goes down by one percentage point, that is dσ=-1%/yr, the SCC increases by factor exp(0.58)≈1.8. The formula also allows us to assess the sensitivity of the distribution to the annual discount rate as part of the distribution analysis ( Table  2 ). The mean and median SCC increase by half when the discount rate, σ, falls from 3 to 2 percent but they increase more than eight--fold when σ falls from 1 to .1 percent. Due to the non--depreciating climate boxes, some climate impacts are permanent, fattening the tail of the SCC distribution when discounting falls towards zero. For a discount rate converging to zero, the expected SCC is without bound. This is in sharp contrast with the distribution and expectations obtained through survey methods where tails remain bounded (Tol, 2009 ). Each row presents outcomes from the Monte Carlo experiment, where only the discount rate is fixed.
Low discounting
The formula predicts that if part of the CO2 emissions remains in the atmosphere forever, that is if some ηi=0 and the corresponding ai>0, and if the climate discount rate is zero or negative, then the SCC is without bound. It should be noted though, that for very low discount rates, equation (17) should be applied to the long--run parameter values. The pure time preference, in combination with the long--run economic growth rates interacted with the elasticity of marginal utility and the long--run population growth rate define the climate discount rate when it approaches zero. As a case in point, when we assume that population and income both converge to constants, so that g,l→0 for t→∞, then if the pure rate of time preference approaches zero ρ→0, the climate discount rate will approach zero, σ→0. If income is assumed to grow forever at a rate bounded away from zero, g>0, and if the elasticity of marginal utility is above one, α>1, even a zero pure rate of time preference will not result in a zero climate discount rate. If however, the elasticity of marginal utility is below one, α<1, and the pure time preference is small enough, damages will grow faster than the real interest rate and their sum over time becomes unbounded as σ<0. In a context where the elements of the climate discount rate are not know with certainty, a strictly positive probability of a zero or negative climate discount rate implies an infinite SCC. This outcome of our formula is consistent with the identity (2). To see this, consider briefly the specific case where population and income converge, and the pure rate of time preference approaches zero. For any elasticity of marginal utility, the climate discount rate will also approach zero, and the SCC grows without bound. This particular result from the formula follows indeed from a straightforward analysis. Considering any model where some CO2 does not depreciate, where no carbon capture is possible, so that future atmospheric concentrations are above the pre--industrial level for the entire future. Now assume that marginal damages of atmospheric CO2 are strictly positive at this level of CO2. It follows that the shadow price of atmospheric CO2 is bounded away from zero for the infinite future, and thus that the net present value converges to infinity when discounting approaches zero. Indeed, for zero pure time preferences, for a model such as DICE, the SCC grows with the time horizon considered, without bound. Noting that the SCC increases without bound for very low climate discount rates, the simple formula also loses relevance. If the SCC grows too large, future abatement options become important. For a high SCC value, it becomes highly profitable to capture CO2 from the air. The trade--off is then not so much between future benefits of preventing climate change and present costs of reducing emissions, but between the latter and the future costs of CO2 air capture. Put differently, policy will be determined by the lowest--cost abatement strategy, instead of the tradeoff between emission cost and benefits. Furthermore, on the very long time scales, we may foresee another ice age, and some extra anthropogenic atmospheric CO2 might turn out a blessing rather than a curse. Notwithstanding these qualifications, if in the coming century, climate change permanently destroys valued ecosystems, a very low discount rate still implies a very high net present value for preventing such changes.
Non--constant discounting
The formula also allows for a quick assessment of the SCC under non--constant discounting. The IAM literature has been divided between proponents for descriptive discounting, on the basis of efficiency considerations and observed returns on investments, and prescriptive discounting, guided by intergenerational ethical considerations. But the socially optimal discount rate could also be a combination of the two, such as quasi--hyperbolic discounting. Gerlagh and Liski (2012) show that when preferences are described by quasi--hyperbolic discounting, there is a time--consistency problem, but the Markov time--consistent optimal climate policies should calculate the SCC based on these quasi--hyperbolic preferences, and as a result, optimal policy features a higher carbon price as the one that is based on the observed market--based capital return. The climate discount rate can also change over time as population growth falls, see equation (19) .
In general, when the climate discount rate is non--constant, e.g. decreases, one can describe the weight implied by non--constant discount rates through a linear combination of two weight series, one based on a high, and the other on a low discount rate. Consider for example a discount rate of 0.1% and 3%, and give both series an equal weight in the evaluation. The short--run effective discount rate, relevant for capital investments, will be the average 1.55%/yr. Based on Table  2 , the effective SCC can be calculated as 0.5*(316+13)=155 €/tCO2, about triple the SCC for a 1%/yr constant discount rate. That is, one can assess the implications of approaches such as gamma--discounting (Weitzman, 2001 ) with relative ease. We apply this method when we test the formula for DICE.
Level of aggregation
The formula does not differentiate between regions and sectors of the economy. The uncertainty that we assume for the overall damage parameter can be further decomposed into its sources. That is, if a user wishes to do so, one can disaggregate the damage parameter into parts. This is common practice in several IAMs. FUND for example, has a very detailed decomposition for damages. Ackerman & Munitz (2012) and Anthoff & Tol (2013) identify in FUND the costs of cooling in rapidly growing economies, and the changes in agricultural yields in temperate climates as major sources of uncertainty. With a disaggregation of damages, our formula can complement the insights from models such as FUND in two ways. First, where both types of major damages in FUND are market damage, our approach does not preclude non--market damages -think of eco--system losses -for which uncertainty both on the side of expected physical changes as on their evaluation is probably very high. Second, our approach immediately informs the user how the sector--and region--specific damages interact with other uncertainties, e.g. regarding the climate sensitivity and discount rate.
Conclusion
This study offers a simple, closed--form, formula for determining the SCC. Contrary to leading IAMs, we took a reduced--from approach, modeling the key climate--economic interactions, while taking processes such as savings decisions and economic growth as exogenous. The formula explores the consequences of major assumptions for the SCC, enabling the user to shape her or his assessment. The formula is not backed up by a watertight formal proof of validity. It is based on general insights, using various shortcuts, and then tested by comparison with a major IAM that requires hundreds of equations to be solved simultaneously.
Despite its low informational requirement, the formula explains more that 99% of the variation of the SCC coming from the parameter distribution in DICE, a mainstream IAM. This same variation produces a SCC distribution that comes very close to that in a comprehensive survey of previous SCC estimates, supporting the relevance of the formula more generally. The result is important for several reasons. First, it implies that the SCC, as presented by central IAMs, is virtually independent of current or future policy choices and abatement options; not even carbon concentration levels were invoked in our reduced form replication results. When the typical structural assumptions hold, only a few core mechanisms are needed to understand the core of the current determination of the SCC. The formula sharply predicts that the SCC is proportional to the damage coefficient, ω, and income Y, and that the net present value associated with one unit of CO2 emitted about doubles when the pure discount rate decreases from 3% to 2%. Second, given our simplifications but maintained prediction power, the simple formula allows for a straightforward assessment of the uncertainty surrounding the SCC value. Based on primitive uncertainties, we constructed a SCC pdf and found a strongly right--skewed distribution, with a median of 17 €/tCO2, mean 37 €/tCO2, and a 8% probability of the SCC exceeding 100 €/tCO2. The median or best--guess value for the SCC can readily be calculated using some rule--of thumb values for the main parameters, as in (20) . Uncertainty regarding the appropriate discount rate, climate sensitivity and damages mostly contributed to SCC uncertainty. Finally, the formula can easily be exploited to understand the effects of subjective choices on SCC outcomes, and the derivation of the formula based on the life--path of damages explains the effect of the discount rate: a reduction in the effective discount rate from 2% to 1% approximately doubles the SCC outcome, while the SCC increases more than 8--fold if this discount rate is reduced from 1% to 0.1%. Finally, the formula (14) also shows that the trajectory of the SCC is expected to increase approximately with income levels, as the size of the economy determines what is at stake (see Gerlagh & Liski, 2014 , for a further analysis). As worldwide income has grown by about 3 per cent per year over the last decades and is expected to continue for the next decades to come, so the formula suggests that the SCC will also grow by a similar rate.
From a science--society perspective, the formula answers to an appeal for a better connection between research in the climate economics domain and the users of that knowledge (Gerlagh & Sterner, 2013) . Without ignoring the insights gained in recent years on fat tails for damages and climate tipping points, much of the basic understanding about the cost--benefit analysis of climate policy is still close to the insights of the early 1990s. The formula captures some of these insights, enabling the stakeholders to reflect on the methods used to derive the SCC. By doing so, it can facilitate the communication between stakeholders and the research community.
Appendix. Parameters for the Monte Carlo experiment comparing DICE with the formula
We included 12 major parameters from DICE (Nordhaus, 2008) (Table VII --1), we included the pure rate of time preference, the elasticity of marginal utility, the decline rate of labor productivity growth and decarbonization, and short--to long--term backstop costs. We excluded the fossil fuel resources and a transfer coefficient in the climate module. For consistency between the parameters and initial values, we recalibrated the DICE model with respect to the initial capital stock, labor productivity, population size and growth in the first decade 2005--2015. Parameter distributions are log-normal, truncated at 2 standard deviations from the median; *for truncated distribution. Sources: The damage parameter ω in DICE is directly applied to the formula. The parameter in our formula is derived from the climate sensitivity used for DICE as follows. First, in DICE, equilibrium temperatures are logarithmic in atmospheric CO2 concentrations, as specified above, and we find = ∆ log (1 + / ) , which implies
( ) The average value for over the range S=1 to 2.2 TtCO2 is about 5.5 K 2 /TtCO2. For the experiment, we take the predicted value for θ in the year 2040 when extrapolating past atmospheric CO2 trends. 15 This means that θ in our formula is linearly proportional to c 2 in DICE, and if c is log--normally distributed, so is θ. The parameter ε in our formula is also taken from DICE, as follows. Let be the temperature adjustment speed in DICE, then we can establish the adjustment speed of T 2 :
(27) = , where ; , is the equilibrium temperature perturbation given atmospheric concentrations and T is the current temperature perturbation. As population growth decreases exponentially in DICE, we derive an explicit formula that connects population growth to the SCC. Labor productivity growth enters our SCC formula as specified above.
Parameters for the Monte Carlo experiment using the SCC formula
For the second experiment, we vary the parameters θ, ω, and σ, and use 16 alternative carbon cycle representations and 20 temperature adjustment models (see Tables 5a and 5b ). We calculate θ and ω as for the first Monte Carlo experiment, based on a distribution for the climate sensitivity c and ω. The parameter Y in the formula is fixed at the median output in the DICE runs for the year 2015. The parameter σ is drawn from a lognormal distribution as specified in Table 4 , consistent with the values obtained from the first Monte Carlo experiment.
We generated a Monte Carlo parameter set and derived the SCC using Stata; the full source code is available online through https://www.dropbox.com/s/b3gdhwhmhmxirms/BGKL%20SCC%20v10.zip?dl =0. Parameter distributions are log-normal, truncated at 2 standard deviations from the median; *for truncated distribution . Parameters taken from Joos et al (2013) , η0=0 for all models. The median cycle has been determined based on the 16 individual models. Parameters taken from Caldeira & Myhrvold (2013) . The median cycle has been determined based on the 20 individual models.
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